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e GW150914 : The very first observation of a BBH coalescence by LIGO-Virgo
has opened a new era in gravitational wave astronomy.

e Opportunity to bring new tests of modified gravities, in the strong-field
regime near merger, a topic which is for the moment still in infancy.
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In General Relativity, “Effective-One-Body” (EOB) :

e Map the two-body PN dynamics to the motion of a test particle in an
effective SSS metric [Buonanno-Damour 98]

2
HQ.P). e=(7) — H(q.p). ds =gl ddx’
He = feos(H)

e Defines a resummation of the PN dynamics, hence describes analytically the
coalescence of 2 compact objects in General Relativity, from inspiral to
merger.

e Instrumental to build libraries of waveform templates for LIGO-VIRGO
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Our proposition [arXiv:1703.05360]

e Can we extend the EOB approach to modified gravities ?

e Consider the simplest and most studied example of
massless Scalar-Tensor theories.

e First buiding block : map the conservative part of the two-body dynamics
onto the geodesic of an effective metric.

e ST-extension of [Buonanno-Damour 98]
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Scalar-Tensor theories

We adopt the conventions of Damour and Esposito-Farése [DEF 92, 95]

ST action in the Einstein-frame (G, = c = 1)

1 v
G = ﬁ/d‘*x\/q(/e —2g" 8H<p3u<p> + Sm [W,A2(<p)gu»}

When self-gravity is not negligible (neutron stars, black holes),

dx# dx¥
Sm = — Z/dA _guyﬁﬁmA(w)
A

ma(¢) depends on the theory A(¢) and on the EOS of body A.

— SEP violation [Eardley 75, DEF 92]
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‘ I) THE TWO — BODY HAMILTONIAN AT 2PK ORDER
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The two-body Lagrangian

Our starting point : what is known today

Two-body Scalar-Tensor Lagrangian [DEF 93][Mirshekari, Will 13]

e Harmonic coordinates 9, (v/—gg"”) =0

e conservative 2PK dynamics : (9((%)4) ~ (9((?)2) corrections to Kepler

o Weak field expansion

8uv = Nuv + 68uv
© = o+ dp

e the fundamental functions ma(p) and mg(p) are expanded around o :

In ma(y) = Inm} + a% (¢ — o) + BA(® — o)’ + Bl — w0)* + - -
In ms () = Inm + a%(p — o) + Ba(e — o)’ + A5 — o)’ + -+

i.e. the 2PK Lagrangian depends on 8 fundamental parameters.
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The two-body Lagrangian

Two-body 2PK Lagrangian

L=—m4—m}+Lg+ Lipx + Lopx + - - -

= Za—Zg - dZa |\ 7 _F ﬂ:M
N= R ) A= R=[Za=2Z5|, Ax= dt
e Keplerian order :
1 1 G 0, 0
Lg = 5’"2‘ Vi Em% V3 + w where Gas = 1+aay

e post-Keplerian (1PK) :

1 1
LlpK:§m2V3+§m°5V§
Gagmamp (3 75 o 1o oo 50 - o
% (E(Vf + V) - VA Ve - 5(’\" Va)(N - Vg) + Fas(Va — VB)2>

G2 0 _ _
- 2aeraTe (mﬂ(l +2B5) + mp(1+ 2ﬂA)>
0 _0 - 0/ 042
— _ aap 1 ﬁA(O‘B)
where Jap = ~Tralal Ba= 3 (1+a%al)? (A< B)

Félix-Louis Julié Two-body problem in Scalar-Tensor theories, an Effective-One-Body approach



The two-body Lagrangian

e post-post-Keplerian (2PK) :

1
LQPK—TSmE‘lVE
Gasm), o
+ AB”,;A”’B[ (7+4WB)<V:—VE(NAVB)2) (2+7a8)VA(Va - Vi) + = ( V)
1 3 ! R e
+16(15+8’YAB)VAVB+ (N Va(N - Vg) +1(3+2'YAB)VA'VB(N'VA)(N'VB)
G 1 _
%2(’”“) [8 (2 + 12948 + 7925 + 855 — 45A) Vit 5 (14 + 20748 + 7728 + 485 — 45A> V2
1 - L1 _ .
-2 (7 + 16745 + 775 + 456 — 46A> Va-Ve -, (14+ 12948 + ¥as — 885 +45A>(VA - N)(Vs - N)
1 . Lo 1 Lo
+3 (28 + 20945 + 7as — 8Bs + 45A)(N Va) + 3 (4 + 4748 + Tag + 45A>(N : VB)Z}
G3.(m2)2m 2 1 _ 2 1 G3 0\2( 02 _ _
+% [1 + 378 + Tas + 288 + 30a + 565] + % [19 + 8745 + 8(Ba + B) + 4(]
1 L . oL
- gcAsmzm‘g (2(7 +4548)An - VB(N - Vig) 4+ N - Ap(N - Vig)? — (7+4:/AE)N~AAV§>
+ (A« B)
— (@Y’ _  (Baop) _ Ba%a%sY
where 04 = —4 5> €a= = A+ B
A (1+040Aa08)2 A (1+a%a08)3 C (1+aga08)3 ( )
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The centre-of-mass two-body 2PK Hamiltonians

e Reduction by means of a contact transformation

e ordinary Hamiltonians :

red red
Pu=2t B BVt P Ve L
OVa 0Vs

o In the centre-of-mass frame : 5A +Ps=0

i.e.ZEZA—ZB and IBEIBA:—PB

e The relative motion is planar — use polar coodinates (Q, P) = (R, ®, Pr, Po)
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The centre-of-mass two-body 2PK Hamiltonians

P? GasM
H:M—i—(——u AB )+H1PK+H2PK+'”

24 R
HlPK 1PK /4 1PK A2 A2 1PK /4 1 1PK /2 1PK A2 héPK
- = (W"P* + mP<P?B + 1y PR>+E(h4 P+ h7BR) + "
H2PK R o L .
« = (KIS -+ BPEPAPE 4 1P Ph + WP PR)
n 1 (hQPKI:-‘,Ll 4 RPKp2p h2PK,§4) I 1 (thkﬁﬂ i hQPKIf,Q) i hig ¥
’% 5 6 R 7 R "%2 8 9 R I%:i

Mzmg—kmg

The 17 h¥FX coefficients are computed explicitly and depend on :

e the 14 f; (coordinate system) parameters

e the 8 fundamental parameters built from ma(p) and mg(p)
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‘II) A TEST PARTICLE IN A SSS EFFECTIVE METRIC
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The effective Hamiltonian H,
Geodesic motion in a static, spherically symmetric metric

In Schwarzschild-Droste coordinates (equatorial plane § = 7/2) :

\ ds? = —A(r)dt® + B(r)dr® + r’d¢’ \

A(r) and B(r) are arbitrary.

Effective Hamiltonian H.(q, p) :

B or

2 p? ) Ol dL.
He(q, p) = A<u2+p+§ with p = — , ps=—

Can be expanded :

al an as
7+72+i3+...
r r r

_ by | b
B(N=1+—"+ 3+

Alr)=1+

i.e. depends on 5 effective parameters at 2PK order, to be determined.
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Recap

e On one side, the 2PK two-body Hamiltonian H(Q, P),
depending on 17 parameters h'FK

e On the other side, a simple effective Hamiltonian H.(q, p),
depending on 5 parameters aj, b;.

Can we build a map between both Hamiltonians ?

EOB mapping : [Buonanno, Damour 98]

Requires imposing a functional relation He = fsos(H) by means of a canonical
transformation
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‘ III) THE EOB MAPPING
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The canonical transformation

1) Exploit the power of canonical transformations :

H(Q,P) — H(q,p)

We take as a generic ansatz G(Q, p) that depends on 9 parameters at 2PK

order :
2 2,0 M 4 2 A2 Al P? 133 2
G(Q,p)=Rp, || 1P +61p,+§ + [ P +62Pp,+~yzp,+5z?+ez§+§ + -
0, 0

mamp 0 0

B M=m m

mg_’_m% ) A+ B
oG oG 9G 0G
’(QP)ZRJF%, ¢(Q,P):¢+8fp¢, PR(va):PrJrava P¢(Q,p)=P¢+%

e does not depend on time (conservative), nor on @ (isotropic)

e generates 1PK and higher order coordinate changes
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The mapping He = fros(H)

2) Relate H to He through a functional relation He = fros(H)

The exact quadratic relation

As proven recently to all orders from PM [Damour 2016]:

e () ()
where v A

0 0
= M=my+m

0 0\2 °’ A B »
(‘A IB)

e In Scalar-Tensor theories, yields a unique solution for H. that does not
depend on the f; parameters (covariance).
e H. contains all the 2PK physical information contained in H(Q, P).

Félix-Louis Julié
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The Scalar-Tensor effective metric

ds? = —A(r)dt + B(r)dr’ + r’d6?

Scalar-Tensor effective metric

A(r):172(GA%M) +2[<B> 7%] (G“%M): {2V+53§T} (GA%M):

B(r) = 1+2{1+7AB} (GA%M) + [2(273u)+5b§T} (GA%M)Z

Consistent with General Relativity : ma(p) = cst yields back

General Relativity 2PN effective metric [Buonanno, Damour 98]

Acr(r) = 1—2(G M)+2V(G*rM>3+~-

Bar(r )71+2(G M)+2(2—3y) (g)l
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The Scalar-Tensor effective metric

(/) The “bare” gravitational constant G, is replaced by the effective one

‘G*—>GABE].+O¢OAO¢?3‘

at all orders.

(i) At 1PK level,

O eICOR

r

B(f):1+2{1+%3} (M) 4o

one recognizes the PPN Eddington metric written in Droste coordinates,

with :
’ﬂEdd =1+(B), =1+
Where
T R S V. S 0
- omY 4+ mb T 14+ a%0% T 2(1+ a%al)?
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The Scalar-Tensor effective metric

Scalar-Tensor effective metric

=12 (M) 1 2[(3) —gaa] (SM) 1 [ v s7] (SM)

B(r) = 1+2{1+%B} (M) + {2(2—3u)+6b§"r} (ﬂ):

(iii) 2PK corrections

sas" = 1i { — 20948 — 35548 — 24(B)(1 — 29a8) + 4((5) — (€))
n u( ~36(3a + Po) + 475(10 + Tas) + 4(en + e5) + 8(04 + 05) — Mﬂ

55T = [4<B> ~ (6) +348(9 + 2 7as) + ”(2@ B ”ABH

Sy = (o) = _Baod) - _ PRogalsh
- (1+aga%)3 - (1+O¢OAO¢%)3
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‘ IV) ST — PARAMETRISED EOB DYNAMICS

Félix-Louis Julié Two-body problem in Scalar-Tensor theories, an Effective-One-Body approach



The Scalar-Tensor effective metric

e The inversion of the He = feos(H) hence defines a unique, “resummed”
EOB Hamiltonian :

He P P
Heos = My /1 +2v | — —1 where H.=,|A ,u2+—+—2
m B 7

The dynamics deduced from Hgop and the “real” Hamiltonians H are, by
construction, equivalent up to 2PK order.

e Hrop hence defines a resummed dynamics, that may capture some features
of the strong field regime.
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ST corrections to the strong-field regime

A typical strong-field feature : orbital frequency at the ISCO

. OHgos OH. _ ju2A _ GagM J

Q= = u=
OH. 9py  GagME~/1+2v(E — 1) r

where, for circular orbits

2y A R
J(u) = (Auz)’7 E(uy=A (A2

The ISCO location, ursco, is such that :

A// B (AUZ)//

Al - (AUQ)/

— ST corrections to the ISCO location and frequency ?
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ST corrections to the strong-field regime

0,0
Last ingredient : the ST-corrected A(u;v) |u= GasM , v= %
r (mj + mg)?

ST-corrected A(u;v)

Alu;v) = Agprf\](u V) + 2e1px U’ + (63PK + VC;PK)U3

where
errx = (B) — Jas
1 _
Spx = 5| — 20745 — 35726 — 24(B)(1 — 2948) + 4((6) — (e))

v 2 2 1_ = 1 2
ezpx = —3(Ba + BB) + §7AB(10 +7a8) + §(EA +eg) + §(5A +d8) —2¢

ST-Corrections described by 3 parameters, (e1px, €5pK, €5pi)

e BUT numerically driven by (3)? (c.f. DEF, diagrammatic methods)

e When (a%)? << 1, | eipk ~ €e3pk ~ €5pk | and ST-corrections are perturbative
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ST corrections to the strong-field regime

In this perturbative approach, best available EOB-NR function for GR :

Ag;PF}\I(U ; V) — AggBNR(U ; V) = PSI[AsT;yli?r

i.e. the (1,5) Padé approximant of the truncated 5PN expansion :

AT =1 — 20+ v + vagu® + (a5 + ay Inu)u® + v(a§ + ag Inu)u® J

[Damour, Nagar, Reisswig, Pollney 2016]

e smoothly connected to Schwarzschild when v — 0

e a¢(v) is obtained by calibration with Numerical Relativity
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ST corrections to the strong-field regime

ISCO Locations and frequency, equal-mass case (v = 1/4)

e 2PK Padeed corrections,

A= Psl [AggBNR(U )+ 2erpiu’ + (egPK + VEEPK)“3]

ursco(€1pK) GagMSQisco(erpk)
0.30 " 4 0.14F 4
2PK Padé ! 2PK Padé
0.28 ll 4 0.13F 4
0.26 Jd § 0.12f B
S 024 ] F] 0.11F 1]
1S}
022 ] 0.10F 4
0.09F B
0.20 4
-0'05 0.00 0,;)5 o »0{05 0.00 0.235
€1PK €1PK
d(GasMQ)sco
T ~0.13
€1PK v=1/4

relative correction to GR significant (~ 10%) when e1px ~ 1072 - 107!
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Conclusion

Concluding remarks :

e Binary pulsar experiments have put stringent constraints on ST theories
(no dipolar radiation)

(a2)? <4x107°

For any body A, regardless of its EOS or self-gravity.

e The ISCO ST-correction (significant for (a3)? > 1072) seems unlikely to
improve binary pulsar constraints.

However :

e The interferometers LIGO-Virgo or even LISA are designed to detect highly
redshifted sources. Cosmological history of ST theories ?
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