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The phase diagram of QCD

Figure: A sketch of the QCD phase diagram.

3 / 40



Introduction Gravity duals for QCD Outlook

• QCD is a gauge theory of SU(3) gauge group (SU(3) Yang-Mills
theory). Problems:

1 Wilson loops (the potential of interquark interaction)
2 β-function, RG-flow
3 Thermalization

Methods:
1 Perturbative QCD (works only for αs is small: high energies, short

distances, i.e. asymptotic freedom)
2 Lattice QCD, numerical simulations, non-perturbative approach (the

numerical sign problem for non-zero baryonic densities, no realtime
calculations)

3 1/N-expansion

G.’t Hooft, A planar diagram theory for strong interactions
Nucl. Phys. B 72, (1974) 461-473.

4 The gauge/gravity duality (e.g. the AdS/CFT correspondence), the
contemporary form of large N expansion
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Gravity helps strong interations

5 / 40



Introduction Gravity duals for QCD Outlook

The AdS/CFT conjecture

The AdS/CFT correspondence Maldacena’98

The AdS/CFT conjecture claims exact equivalence between the theory in
the bulk, which is a low energy approximation to D = 10 IIB string
theory on AdS5×S5 the theory defined on the boundary, which is N = 4
supersymmetric Yang-Mills with gauge group SU(NC) at large NC .

The strong coupling regime of one theory reflects the weak coupling
regime of the other one, restore d-dim gauge theory thanks to the
boundary d+ 1-gravity dual

Gubser,Klebanov,Polyakov, Witten’98

Z4[φ0(x)] =

∫
D exp{iS4 +

∫
x4

φ0O}, S4 =

∫
d4xL

Z5[φ0(x)] =

∫
φ(x,ε)=φ0(x)

D[φ]eiS5[φ]

Generating functional[4d sources φ0(x)] = Effective action[fields φ0(x)]
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The AdSd+1/CFTd correspondence

T 6= 0, a deconfinement phase Witten’98

ds2 =
1

z2

[
−f(z)dt2 + (dxi)2 +

dz2

f(z)

]
, f(z) = 1−

(
z

zh

)4

.

The temperature of the the Yang-Mills theory is identified with the
Hawking temperature of the black hole.

µ 6= 0 RN-AdS black hole

ds2 =
1

z2

[
−f(z)dt2 + (dxi)2 +

dz2

f(z)

]
, f(z) = 1− z

4

z4h
−q2z2hz4+q2z6.
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Does the conjecture work?
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Does the conjecture work?

checked (see, 1012.3982), but NOT prooved
N = 4 SYM with gauge group SU(NC) is a conformal theory
(thanks to supersymmetry), QCD is not conformal
however...
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Lattice calculations show that QCD exhibits a quasi-conformal behavior
at temperatures T > 300MeV and the equation of state ∼ E = 3P (a
traceless conformal energy-momentum tensor).

Figure: The comparison of the HISQ/tree and stout results for the trace
anomaly, the pressure, and the entropy density

Pic. from Bazavov et al.’14
10 / 40
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The quark-gluon plasma: quarks, antiquarks, gluons in
deconfinement

τtherm(0.1fm/c) < τhydro < τhard(10fm/c) < τf (20fm/c)

Figure: Picture from: P.Sorensen, C.Shen 11 / 40
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The AdS/CFT correspondence for the QGP

QGP does not behave like a weakly coupled gas of quarks and
gluons, but a strongly coupled fluid.

η/s ≈ ~/4πκ,

the AdS/CFT calcs, Policastro, Son,Starinets’03
confirmed at the RHIC’08

hadronization, freezing out: QGP is a particle factory
early anisotropic stage: responsible for multiplicity of produced
particles
multiplicity (total number of particles produced in HIC)
very fast thermalization
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Holographic models

Holographic models

Top-down approach: low-energy approximation of string theory
(supergravity model) in asymptotically AdS backgrounds trying to
reproduce features similar to QCD
Examples:Sakai-Sugimoto model (D4−D8− D̄8-branes),
Mateos-Trancanelli model (D3−D7-branes).
Bottom-up approach: effective 5D gravitational theory with
matter in

asymptotically AdS spacetimes
non-conformal backgrounds

Examples: wall models (Karch et al., Erlich et al.), improved
holographic QCD model (Kiritsis et al.)
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Top-down approach :type IIB SUGRA, D3−D7-branes

Anisotropic QGP , Mateos&Trancanelli’11

ds2 =
1

u2

(
−FBdx20 + dx21 + dx22 +Hdx23 +

du2

F

)
+ ZdΩ2

S5 .

The functions F ,B,H depend on the radial direction u and the
anisotropy α. At high temperatures α� T :
F(u) =

1− u4

u4
h

+ α2

24u2
h

[
8u2(u2h − u2)− 10u4 log 2 + (3u4h + 7u4) log(1 + u2

u2
h

)
]

B(u) = 1− α2

24u2
h

[ 10u2

u2
h+u

2 + log(1 + u2

u2
h

)], H(u) =
(

1 + u2

u2
h

)α2u2h
4

.

D7-probes in D3-background LifIR/AdS5,UV ×X5 ⇒ deformed SYM.
α = 0 ⇒ isotropic D3-brane AdS/CFT : AdS5 × S5 ⇒ N = 4 SYM.
Jet quenching, drag force, potentials... see Giataganas et al.’12
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Bottom-up: Breaking scale invariance

The AdS/CFT correspondence:
The Field Theory The Gravitational Background

• the conformal group SO(D, 2) • the group of isometries

of a D-dimensional CFT of AdSD+1

(t, xi)→ (λt, λxi) , i = 1, .., d− 1 ds2 = r2
(
−dt2 + d~x2d−1

)
+ dr2

r2

Generalizations?

Lifshitz scaling: t→ λνt, ~x→ λ~x, r → 1
λr,

where ν is the Lifshitz dynamical exponent

Lifshitz metric: ds2 = −r2νdt2 +
dr2

r2
+ r2d~x2d−1

Kachru, Liu, Millgan ’08
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Holographic dictionary

We have to "mimic" the heavy ions collision

Models:
shock waves collision in AdS
infalling shell (Vaidya solutions)

Holographic dictionary

4d Multiplicity in HIC = BH entropy in AdS5 Gubster et al.’08

Thermalization time inM1,3 = BH formation time in AdS5

two point correlators = geodesics in a gravity background
Wilson loops = 2-dimensional minimal surfaces
Entenglament entropy = 3-dimensional minimal surfaces
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Lifshitz-like spacetimes

A spatial extension of the Lifshitz scaling

(t, x, y, r)→ (λνt, λνx, λy1, λy2,
r

λ
)

Lifshitz-like backgrounds

ds2 = r2ν
(
−dt2 + dx2

)
+ r2dy21 + r2dy22 +

dr2

r2
,

M. Taylor’08, Pal’09.

The 5d Lifshitz-like metrics (boost-invariant)

Type− (1,2) ds2 = r2ν
(
−dt2 + dx2

)
+ r2

(
dy21 + dy22

)
+
dr2

r2
.

Type− (2,1) ds2 = r2ν
(
−dt2 + dx21 + dx22

)
+ r2dy2 +

dr2

r2
.
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Construction of a shock wave in Lifshitz-like spacetimes

The 5d Lifshitz-like metrics, z =
1

rν

Type− (1,2) ds2 = L2

[(
−dt2 + dx2

)
z2

+

(
dy21 + dy22

)
z2/ν

+
dz2

z2

]
.

Type− (2,1) ds2 = L2

((
−dt2 + dx21 + dx22

)
z2

+
dy2

z2/ν
+
dz2

z2

)
.

A massless particle located at u = 0 and moving with the speed of light in the
v-direction:
ds2 = 2A(u, v)dudv + g(u, v)hij(x)dxidxj

ds2 = 2A(u, v)du(dv − f(xi)δ(u)du) + g(u, v)hij(x)dxidxj ,
v → v + f(x).

T. Dray & G. ’t Hooft, ’85; Hotta & Tanaka’93; Sfetsos’95.
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The shock wave metric

ds2 =
φ(y1, y2, z)δ(u)

z2
du2 − 1

z2
dudv +

1

z2/ν
(
dy21 + dy22

)
+
dz2

z2
, (1)

u = t− x and v = t+ x – light cone coordinates.

The equation for the profile[
�Lif3 −

(
1 +

2

ν

)]
φ(y1, y2, z)

z
= −2ztuu, Tuu = tuuδ(u), (2)

�Lif3 =
1

ν

(
z2ν

∂2

∂z2
+ νz

∂

∂z
− 2z

∂

∂z
+ z2/νν

∂2

∂y21
+ νz2/ν

∂2

∂y22

)
.

ds2Lif3 =
dy21+dy

2
2

z2/ν
+ dz2

z2 .
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Domain-walls in Lifshitz-like spacetimes

φ(y1, y2, z) = φ(z), Lin & Shuryak’09

The equation for the profile

∂2φ(z)

∂z2
−

(
1 +

2

ν

)
1

z

∂φ(z)

∂z
= −16πG5E

( z
L

)1+2/ν

δ(z − z∗).

φ = φaΘ(z∗ − z) + φbΘ(z − z∗),

φa(z) = C0zazb

(
z
2(ν+1)/ν
∗

z
2(ν+1)/ν
b

− 1

)(
z2(ν+1)/ν

z
2(ν+1)/ν
a

− 1

)
,

φb(z) = C0zazb

(
z
2(ν+1)/ν
∗

z
2(ν+1)/ν
a

− 1

)(
z2(ν+1)/ν

z
2(ν+1)/ν
b

− 1

)
,

C0 = −
8νπG5Ez

1+2/ν
a z

1+2/ν
b

(ν + 1)L3+ 2
ν (z

2(ν+1)/ν
b − z2(ν+1)/ν

a )
.
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Trapped surfaces

Theorem:
∃ TS for two shock waves = ∃ solution to the following Dirichlet problem:

• Ψ1,2 > 0 for X ∈ D and Ψ1,2 = 0 for X ∈ ∂D
• ∇2Ψ1,2 = δ(X −X(1,2)), X ∈ D

• ∇Ψ1∇Ψ2 = 4, X ∈ ∂D

Eardley & Giddings’03;
Kang & Nastase’05
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Wall-on-wall collisions

ds2 = − 1
z2 dudv + φ1(z)

z2 δ(u)du2 + φ2(z)
z2 δ(v)dv2 + dy2

z2 + dw2

z4/3
+ dz2

z2 .

The trapped surface for wall-on-wall shock wave collision is za < z∗ < zb
.

(∂zφ)|z=za = 2, (∂zφ)|z=zb = −2

m

8πG5Ez
8/3
a

(
1− z

11/3
b

z
11/3
∗

)
R̃14/3

(
z
11/3
b

z
11/3
∗
− z

11/3
a

z
11/3
∗

) = −1,
8πG5Ez

8/3
b

(
1− z11/3a

z
11/3
∗

)
R̃14/3

(
z
11/3
b

z
11/3
∗
− z

11/3
a

z
11/3
∗

) = 1,

za =

(
z
8/3
b

−1+z
8/3
b

C

)3/8

, z∗ =

(
z
8/3
a z

8/3
b

(za−zb)

z
8/3
a −z

8/3
b

)3/8

.
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The area of the trapped surface

S =
1

2G5

∫
C

√
det|gLif3 |dzdy1dy2,

where detgLif3 is the metric determinant for

ds2Lif3 = z−2/ν
(
dy21 + dy22

)
+
dz2

z2
.

The relative area s of the trapped surface defined by

s =
Strap∫
dy1dy2

=
ν

4G5

(
1

(za)2/ν
− 1

(zb)2/ν

)
.

s(C, zb) =
(
C
2

) 2
2+ν −

(
1
zb

) 2
ν − 2

(ν+2)

(
2
C

) 2
2+ν

(
1
zb

) 2+ν
ν

+ . . . .

The maximum value at infinite zb
s|zb→∞ = ν

4G5
(8πG5)2/(ν+2)E2/(ν+2)
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Experiment:
Sdata = s0.155NN

ALICE collaboration’15

AdS with ghosts:
Sdata = s0.12NN

Kiritis & Taliotis’11

AdS+ ghosts:
Sdata = s0.16NN

Aref’eva et al.’14 ALICE collaboration’15

Deformed AdS
Sdata = s0.16NN

Aref’eva & A.G.’14
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Black branes in Lifshiz-like spacetimes

S = 1
16πG5

∫
d5x
√
|g|
(
R[g] + Λ− 1

2∂Mφ∂
Mφ− 1

4e
λφF 2

(2)

)
,

Λ is negative cosmological constant.

The Einstein equations

Rmn = −Λ

3
gmn +

1

2
(∂mφ)(∂nφ) +

1

4
eλφ (2FmpF

p
n)− 1

12
eλφF 2gmn.

The scalar field equation

�φ =
1

4
λeλφF 2, with �φ =

1√
|g|
∂m(gmn

√
|g|∂nφ).

The gauge field
Dm

(
eλφFmn

)
= 0.
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The Lifshitz-like black brane

ds2 = e2νr
(
−f(r)dt2 + dx2

)
+ e2r

(
dy21 + dy22

)
+ dr2

f(r) ,

where f(r) = 1−me−(2ν+2)r. Aref’eva,AG, Gourgoulhon’16
F(2) = 1

2qdy1 ∧ dy2, φ = φ(r), eλφ = µe4r.

The Hawking temperature of the black brane:

T =
1

π

(ν + 1)

2ν
m

ν
2ν+2 .

ds2 =
(−f(z)dt2 + dx2)

z2
+

(dy21 + dy22)

z2/ν
+

dz2

z2f(z)
,

f(z) = 1−mz2+2/ν , z =
1

rν
.
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Holographic spatial Wilson loops

x
z

y C
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Holographic Wilson Loops

The expectation value of WL in the fundamental representation
calculated on the gravity sided Maldacena’98, Rey et al.’98,
Sonnenschein et al.98

W [C] = 〈TrF ei
∮
C
dxµAµ〉 = e−Sstring[C].

The Nambu-Goto action is

Sstring =
1

2πα′

∫
dσ1dσ2

√
−det(hαβ), (3)

with the induced metric of the world-sheet hαβ given by

hαβ = gMN∂αX
M∂βX

N , α, β = 1, 2, (4)

gMN is the background metric, XM = XM (σ1, σ2) specify the
string, σ1, σ2 parametrize the worldsheet.
The potential of the interquark interaction

W (T,X) = 〈Tr ei
∮
T×X dxµAµ〉 ∼ e−V (X)T .
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The infalling shell background

The ingoing Eddington-Finkelstein coordinates

dv = dt+
dz

f(z)
.

The Vaidya solution in Lifshitz background

ds2 = −z−2f(z)dv2 − 2z−2dvdz + z−2dx2 + z−2/ν(dy21 + dy22),

f = 1−m(v)z2+2/ν , v < 0− inside the shell, v > 0− outside,

f(v, z) = 1− M

2

(
1 + tanh

v

α

)
z2+

2
ν

The Vaidya solution interpolates between the black hole (outside the
shell) and the Lifshitz-like vacuum (inside the shell).

Balasubramanian et. al.’11
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WL in time-dependent backgrounds.Case 1

v = v(x), z = z(x), f = f(v, z).

Sx,y1(∞)
=

Ly
2πα′

∫
dx

z1+1/ν

√
1− f(z, v)v′ 2 − v′z′, ′ ≡ d

dx
.

The corresponding equations of motion are

v′′ =
1

2

∂f

∂z
v′2 +

(ν + 1)

νz
(1− fv′2 − 2v′z′),

z′′ = −ν + 1

ν

f

z
+
ν + 1

ν

f2v′2

z
− 1

2

∂f

∂v
v′2 − 1

2
fv′2

∂f

∂z
− v′z′ ∂f

∂z
,

+ 2
(ν + 1)

νz
fv′z′.

The boundary conditions z(±`) = 0, v(±`) = t. The initial conditions
z(0) = z∗, v(0) = v∗, z′(0) = 0, v′(0) = 0. The pseudopotential is

Vx,y1(∞)
=
Sx,y1(∞),ren

Ly1
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δV1(x, t) = Vx,y1(∞)
(x, t)− Vx,y1(∞)

(x, tf ).

0.5 1.0 1.5 2.0
t[fm]

0.1

0.2

0.3

0.4

0.5

δV1[fm]

(a) 0.5 1.0 1.5 2.0
t[fm]

0.1

0.2

0.3

0.4

δV1[fm]

(b)

0.5 1.0 1.5 2.0
t[fm]

0.1

0.2

0.3

0.4

δV1[fm]

(c) 0.5 1.0 1.5 2.0
t[fm]

0.1

0.2

0.3

0.4

0.5

0.6

0.7

δV1[fm]

(d)

Figure: The time dependence of −δV1(x, t), for different values of the length `,
ν = 2, 3, 4 ((a),(b),(c), respectively). Different curves correspond to
` = 0.7, 1.2, 1.5, 1.7, 2 (from down to top, respectively). In (d) we have shown
−δV1(x, t) as a function of t at ` = 2 for ν = 1, 2, 3, 4 (from top to down).
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WL in time-dependent backgrounds.Case 2

v = v(y1), z = z(y1), f = f(v, z)

Sy1, x(∞)
=

Lx
2πα′

∫
dy1

1

z2

√(
1

z2/ν−2
− f(z, v)(v′)2 − 2v′z′

)
, ′ ≡ d

dy1
.

The corresponding equations of motion are

v′′ =
1

2

∂f

∂z
v′2 +

ν + 1

νz

(
z2−2/ν − 2ν

(1 + ν)
fv′2 − 2v′z′

)
,

z′′ = −ν + 1

ν
fz1−2/ν +

2(ν − 1)z′2

ν
+

2

ν

f2v′2

z
− 1

2ν

∂f

∂v
v′2 − 1

2ν
f
∂f

∂z
v′2

− z′v′
∂f

∂z
+

4

z
fz′v′.

The boundary conditions z(±`) = 0, v(±`) = t. The initial conditions
z(0) = z∗, v(0) = v∗, z′(0) = 0, v′(0) = 0. The pseudopotential is

Vy1, x(∞)
=
Sy1, x(∞),ren

Ly1
.
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WL in time-dependent backgrounds.Case 2

δVy1, x(∞)
(x, t) = Vy1, x(∞)

(x, t)− Vy1, x(∞)
(x, tf ).

0.5 1.0 1.5 2.0
t,[fm]

0.5

1.0

1.5

2.0

δ2,[fm]

(a) 0.5 1.0 1.5 2.0
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2.0

δ2,[fm]

(b)

0.5 1.0 1.5 2.0
t,[fm]

0.5

1.0

1.5

2.0

δ2,[fm]

(c) 0.5 1.0 1.5 2.0
t[fm]

0.1

0.2

0.3

0.4

0.5

0.6

0.7

δV2[fm]

(d)

Figure: The time dependence of −δVy1, x(∞)
(x, t) for different values of the

length `, ν = 2, 3, 4 ((a),(b),(c), respectively). Different curves correspond to
` = 2, 2.5, 3, 3.5, 4 (from down to top, respectively). In (d) −δV2(x, t) as a
function of t at ` = 2 for ν = 1, 2, 3, 4 (from top to down, respectively).
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WL in time-dependent backgrounds.Case 3

v = v(y1), z = z(y1), f = f(v, z).

Sy1, y2,(∞)
=

Ly2
2πα′

∫
dy1

1

z1+1/ν

√(
1

z2/ν−2
− f(v′)2 − 2v′z′

)
.

The corresponding equations of motion are

v′′ =
1

2

∂f

∂z
v′2 +

2

zν

(
z2−2/ν − ν + 1

2
fv′2 − 2v′z′

)
,

z′′ = −2

ν
fz1−2/ν + 2

ν − 1

ν

z′2

z
+
ν + 1

νz
f2v′2 − 1

2

∂f

∂v
v′2 − 1

2
f
∂f

∂z
v′2

− z′v′
∂f

∂z
+

2(ν + 1)

νz
fv′z′. (5)

The boundary conditions z(±`) = 0, v(±`) = t. The initial conditions
z(0) = z∗, v(0) = v∗, z′(0) = 0, v′(0) = 0. The pseudopotential is

Vy1, y2,(∞)
(t, `) =

Sy1, y2,(∞),ren

Ly2
.
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WL in time-dependent backgrounds.Case 3

δVy1, y2,(∞)
(x, t) = Vy1, y2,(∞)

(x, t)− Vy1, y2,(∞)
(x, tf ).

0.5 1.0 1.5 2.0 2.5 3.0
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0.5

1.0

1.5

2.0

δ3[fm]

(a) 0.5 1.0 1.5 2.0 2.5 3.0
t[fm]
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1.5

2.0

δ3[fm]

(b)

0.5 1.0 1.5 2.0 2.5 3.0
t[fm]

0.5

1.0

1.5

δ3[fm]

(c) 0.5 1.0 1.5 2.0
t[fm]

0.5

1.0

1.5

δV3[fm]

(d)

Figure: −δVy1, y2,(∞)
(x, t) on t for different `, ν = 2, 3, 4 ((a),(b),(c)). (a):

l = 2.2, 3, 3.85, 4.4, 5.2 from top to down; (b): l = 3, 4.1, 5.2, 6, 7.1 from top to
down; (c): l = 3.4, 4.6, 5.9, 6.8, 8 from top to down. In (d): −δV3(x, t) as a
function of t at ` = 3 for ν = 1, 2, 3, 4 (from top to down, respectively).
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ν = 4

0.5 1.0 1.5 2.0

0.2

0.4

0.6

0.8

1.0

(a) 0 2 4 6 8 10

0.5

1.0

1.5

(b)

Figure: The thermalization times of the two-point correlators, holographic
entanglement entropy and WL. (a)The solid lines (from left to right)
correspond to the entropy(green), the Wilson loop (brown) and the two-point
correlator (gray) with the dependences on the longitudinal direction x , while
the dashed, dash-dotted and dotted lines represent the behaviour of the
two-point correlator, Wilson loop and entropy in the isotropic spacetime,
respectively. (b)The solid curves correspond to the entropy(green), the Wilson
loop (brown) on the xy1-plane and the two-point correlator (gray) with the
dependences on the trasversal direction y1.
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Outline

1 Introduction
Quark matter under extreme conditions
Gauge/gravity duality

2 Gravity duals for QCD
Holographic dictionary
Gravity shock waves for holographic HIC
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Summary and Outloook

Done
1 Black brane and shell solutions with Lifshitz-like asymptotics
2 Wilson loops in the Lifshitz-like backgrounds
3 Pseudopotentials and spatial string tensions

Open questions
1 Time-like Willson loops, potentials, quarkonium spectrum that CAN

FIT experemental data for multiplicity
2 Generalization for non-zero chemical potential (non-zero baryon

density)
3 Holographic RG-flow between two fixed points which correspond to

the gravity solutions with different asymptotics
4 Any supergravity embeddings?
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Je vous remercie de votre
attention!
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